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ABSTRACT A theory for the equilibrium and dynamic properties of a solution of telechelic polymers in 
the limit of high aggregation number is presented. It is shown that (1) the micelles formed by telechelic 
chains (flowers) in a dilute solution strongly attract each other, (2) at some concentration 4* the flowers 
form a reversible gel where they are connected by multiple bridges, (3) the dynamics of individual micelles 
in the gel is governed by the bridgdoop exchange rate and by the effective barrier associated with the 
hopping of a micelle to a new position; this barrier is determined by the energy associated to a deformation/ 
compression of a micelle, (4) the viscosity is changing exponentially in the region 4 > +* (it is increasing 
in the vicinity of 4*); however, it can decrease (with 4) in a limited concentration range above 4*. 

I. Introduction 
Amphiphilic, or associating, polymers contain hydro- 

phobic polar or ionic groups which are capable of 
association and form aggregates similar to those formed 
by simple surfactant molecules. One of the simplest 
examples of associating polymers is a telechelic polymer, 
i.e. a water-soluble chain with relatively small associat- 
ing groups at the ends. Telechelic polymers usually 
aggregate in micelles (or multiplets in the “ionomer” 
l a n g ~ a g e l - ~ , ~ )  in solution (say in water), which are very 
similar to block-copolymer m i ~ e l l e s ~ ~ ~ - l ~  (Figure 1). 

A micelle consists of a compact hydrophobic core 
surrounded by a corona of the long soluble parts of the 
chains that form loops. The inner structure of a micelle 
is similar to that of a star p01ymer.ll-l~ The effective 
functionality of a reference star f = 2p (where p is the 
number of chains per micelle) depends on the energy of 
interaction between hydrophobic groups and on their 
size. The dependence ofp on the molecular parameters 
has been considered the~re t ica l ly .~J~J~ Relatively large 
values of the aggregation number, p = 5-50, are often 
observed with associating polymers.17-20~54~55 In the 
present paper we assume that p is a known fixed large 
number. This assumption is quite natural for the study 
of both the equilibrium state,21 and the linear viscoelas- 
ticity. The “fixed aggregation number” assumption 
must however be relaxed to study nonlinear viscoelas- 
ticity; we do not consider this regime here. 

Two star polymers in a good solvent always repel each 
other.11J4 The important new feature of telechelic 
“flower” micelles is the possibility of bridging that gives 
rise to an attraction between  micelle^.^^,^^ We show in 
section 3 that the energy of attraction can be large (E,& 
>> 2‘). The micelles then phase separate and form a 
macrophase of densely packed “flowers” where the 
neighboring micelles are connected by bridges (Figure 
2). 

The “flowers” form a temporary (reversible) network 
with hydrophobic aggregates as junction points. The 
functionality of the junctions is in general large. Similar 
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f = 8  i;j P = 4  

Figure 1. A flower consisting ofp = 4 chains; the core is an 
aggregate off = 8 insoluble end groups. 

Figure 2. A transient (reversible) network of flowers con- 
nected by bridges. 

reversible networks, but with a lower effective func- 
tionality were considered theoretically and by computer 
simulations in refs 6 and 24-30. The elastic properties 
of the network (gel) of “flowers” are considered in the 
last part of section 3. 

The main dynamical effect related to the gel formation 
is an enormous increase of the solution viscosity. This 
is known as the thickening effect of associating poly- 
m e r ~ . ~ ~  The viscosity of the reversible gel is analyzed 
in section 4. 

The interaction between two spherical telechelic mi- 
celles is in many respects similar to that of two planar 
grafted layers. We thus start the next section with the 
description of the relevant results for planar b r ~ ~ h e s , ~ ~ ~ ~  
and then discuss bridging between compressed layers 
of telechelic polymers. 

11. Grafted Polymer Layers in a Good Solvent 
In this section, we briefly review the relevant proper- 

ties of polymer layers grafted on planar surfaces ob- 
tained in refs 23 and 32. We also derive some new 
results on compressed layers. We consider a system of 
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flexible linear polymer chains in a good solvent. Both 
ends of each chain are adsorbed onto a flat surface with 
a high surface coverage 0 (number of grafted sites per 
unit area). We start the discussion with a reference 
system of “half-chains” attached to the surface by one 
end obtained by cutting each telechelic chain at its 
middle point where its tension vanishes. The reference 
system is therefore a usual end-attached grafted poly- 
mer layer (also called a polymer brush). This cutting 
procedure is valid in the strong stretching limit where 
the elastic energy of each chain in the brush is much 
larger than kT. 

11.1. Equilibrium Characteristics of a Swollen 
Brush. We consider a dense brush where the average 
distance between grafted chain ends, d = is much 
shorter than the Flory radius of an isolated chain RF = 
aNv: 

g-l12 << aw (1) 

As shown below this is the relevant limit to describe 
“stars” with a large functionality. Here N is the number 
of links per grafted chain (this implies 2N links per 
original telechelic chain), and Y is the Flory exponent 
(Y = 0.58833). 

As shown by Alexander and de G e n n e ~ , ~ ~ - ~ ~  the 
chains in a dense brush are strongly stretched. Each 
chain can be considered as a nearly stretched sequence 
of blobs of size d = a-112. In a good solvent, the height 
of the brush, H, is35936 

(2) 

where g = ( d / ~ ) l ~ ~  is the number of links per blob, and 
where the link size, a,  is chosen as a unit length. 

While the original Alexander-de Gennes picture is 
based on a steplike polymer density profile, a more 
recent and refined analysis32 shows that in fact the 
polymer concentration decreases monotonously and 
vanishes at the edge of the brush z = H (the origin z = 
0 is on the grafting plane). In the mean-field ap- 
proximation, a parabolic profile, $J(z) = const(H2 - z2), 
is expe~ted.~~a’ 

A more rigorous scaling analysis for a swollen brush 
in a good solvent also performed in ref 32 leads to a 
slightly more complicated profile. In the vicinity of the 
brush edge, z = H - 5, with 5 << H. The concentration 
profile vanishes as32 

(3) 

H = Ho ‘v (N/g)d - Ncr(1-vy2v 

w - 5)  - 4*<5/HoY 

where 

Associating Polymers 1067 

/3 = ( 6 ~  - 2)/(3 - 2 ~ )  (4) 

and C$* - dyv-3 is the average concentration. 
Close to the brush edge, the chains are less and less 

stretched. At a given distance 5 = H - z from the edge, 
the properties of the chains can be described in terms 
of two types of blobs: the concentration blobs are de- 
fined by analogy with a semidilute solution of concen- 
tration 4 = qN(f;>, they contain g+ = C$-v(3v-1) monomers; 
the “elastic” blobs, containing g, links, are defined as 
chain subunits with an elastic energy of order kT. In a 
free polymer brush, the two blobs are equal g, - g+ = g. 

The description of a chain as a stretched sequence of 
blobs is valid if the distance from the edge 5 is larger 
than the size of a corresponding blob, d - l&?31v. The 
condition d - 5 gives the size of the last blob at the very 

/ 
D =  

midplane 

2(Ho - 0 

Figure 3. Two opposite slightly compressed brushes: the 
thickness of each is H = D/2 = Ho - 5. The thickness of the 
interpenetration layer, E ,  is typically smaller than 5. 
edge of the b r u ~ h : ~ 3 a ~  

The number of links in the corresponding (largest) blob 
is 

The scale 50 gives the typical amplitude of roughness 
of the brush edge. 

From the concentration profile, we can also estimate 
the density of free chain ends per unit area 

Equation 6 is valid in the region $0 << 5 << H. When 5 - 50 the density e - corresponds to one free end 
per blob. 
II.2. Interaction between Two Brushes. We now 

consider two parallel planes at separation D, and two 
identical brushes grafted on these planes (Figure 3). The 
brushes do not interact if D is larger than WO + 250, 
where HO is the equilibrium brush thickness (or more 
precisely, the interaction energy is exponentially small 
in the region23). In the opposite limit, D = WO - 25, 
with HO >> 5 > 50, the brushes are compressed: the 
compression energy, AFrep, has been obtained in ref 32. 

M * e p  (7) 

For compressed brushes there no longer is a unique 
blob size in the vicinity of the midplane (see Figure 3): 
one has to distinguish between concentration blobs and 
elastic blobs. The concentration varies very smoothly 
over the central layer of size 25 and is roughly equal to 
$J(Ho - 5). The number of monomers in a concentration 
blob is 

The size of the elastic blob can be estimated in the 
following way. The typical tension inside the ”last” blob 
(near the midplane) is f - gslap/&(Z=:H, where the force 
acting on a link is Iap/aZIz=~ - &/5. The relevant 
chemical potential change is here L$ - [qNHo - 5)11/3v-1) - l/g0(f/50)2/3-2v). By definition, the elastic energy (due 
to chain stretching) of a blob is U, - f& - 1, where 5, is 
the size of the blob. An elastic blob can be considered 
as a nearly Gaussian chain of g$g+ concentration blobs 
(the condition g, >> g+ is verified below). Therefore 

(9) 
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(here - g; is the spatial size of a concentration blob). 
The number of monomers and the size of an elastic blob 
are then 

-(2~-1)/(3-2~) 
g, - go, E ,  - E O ( 5 4 0 )  

This last equation is valid for a weak compression, 5 5 
Ho. The size of the elastic blob near the edge, &, is 
roughly equal to the thickness of the interpenetration 
layer, 6 = Cs between two compressed brushes (see 
Figure 3). The result, eq 10, when considered in the 
limit of a fairly dense brush and high compression (a  - 
1, 5 - Hd2) is consistent with an earlier prediction for 
the interpenetration layer thickness of molten brushes.39 
In our case, the brush in the solvent can be considered 
as a molten brush of blobs. 

The number of links per elastic blob is nearly constant 
(independent of degree of compression), whereas the size 
is decreasing under compression (the blobs are becoming 
less swollen since the concentration at the midplane 
increases). Within the layer of thickness -5 near the 
midplane the concentration is nearly constant, so that 
the concentration blob size also does not change much 
(it is given by eq 8). The interpenetration layer, 6 - Ea, 
is thinner than the g-layer (6 << 5). One can also check 
directly that the concentration blobs are smaller than 
the elastic blobs (6  >> 64). 

11.3. Bridging Attraction between Telechelic 
Brushes. We now return to brushes formed by tele- 
chelic polymers. Each telechelic chain in a dense (highly 
stretched) brush can be considered as two half-chains 
with their free ends coinciding with the midpoint of the 
telechelic chain. 

An important new feature of the system of telechelic 
chains between two adsorbing planes is their possibility 
to form bridges. This effect had been analyzed in ref 
23 for polymers in a marginal solvent. The main 
qualitative results of this paper are equally applicable 
to the case of telechelic polymers in a good solvent. 

The bridges give rise to an additional attraction 
between the opposite telechelic brushes, the energy of 
attraction being of order kT per bridge. For large 
separations between the planes, Dl2 - HO >> 60, the 
number of bridges is exponentially small; thus the 
attraction is very weak. However the excluded volume 
repulsion is also exponentially small in this region, and 
it was that in fact the interaction energy is 
dominated by a t t r a ~ t i o n . ~ ~  

For two opposite brushes just at “classical contact”, 
i.e. for D = ~ ( H o  f t o ) ,  the number of bridges per unit 
area, JE, can be estimated as the number of free ends 
of the reference chains (or midpoints of telechelic chains) 
in the interpenetration layer23 

.A; - Eo-2 ( 11 )  

The same criterion can be used for compressed brushes, 
but here we must take into account the fact that 
“elastic” blobs in the interpenetration region strongly 
overlap. Thus 4 - @(Ho - 5)f;/gs, and using eqs 3 and 
10 we get (for HO >> 5 >> 60) 

where Matt, is the attractive free energy due to  bridg- 
ing. Comparing eq 12 and eq 7 we notice that the 

AF 1 

\ I  

‘ i  1 
\ I  

D - 2Ho 

Figure 4. The energy of interaction of two opposite brushes 
as a function of the distance, D, between the grafting surfaces. 
The minimum, hF+, corresponds to the distance D - WO - 
60, i.e. to the ‘‘classical contact” between the brushes. 

interaction between two compressed brushes is always 
dominated by the repulsion. 

The above considerations suggest that the free energy 
of interaction between the adsorbing planes, AF = MreP + A F a u r ,  has a minimum in the region Dl2 - HO - t o ;  
the depth of the minimum is23 

hFy’- -N4v/3a”3 (13)  

The schematic dependence of the free energy, AF, as a 
function of the separation D is shown in Figure 4 which 
is similar to  Figure 2a of ref 23. 

The case of strongly compressed brushes ( D  << Ho) can 
be considered just in the same way as for weak 
compression. Here the monomer concentration is nearly 
constant throughout the whole volume of the com- 
pressed brushes. 

= ONID 

The interacting grafted layers can be considered as two 
opposite molten brushes by redefining a link as a 
concentration blob. Using this analogy, we ~ b t a i n ~ ~ - ~ l  
the edge correlation length (the size of an elastic blob 
near the mid-plane which is also the interpenetration 
layer thickness) as 

(14)  

The averaged number of bridges per unit area is 

The last two equations are applicable provided that E 
c D ,  and 4 = aNID 

111. Equilibrium Properties of Micelles Formed 
by Telechelic Chains 

We consider a dilute solution of telechelic chains and 
assume that the end groups of the chains strongly 
attract each other and thus tend to form aggregates. 
Each aggregate contains f = 2p groups. “he telechelic 
chains then form micelles, or ”flowers” as shown on 
Figure 1. The equilibrium number of chains per micelle 

1. 
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Figure 5. A blob picture for the polymer chains in the corona 
of a flower (the corona radius is Ro). 

(p) depends on the interactions between end groups, and 
on some geometrical constraints16 (the weak concentra- 
tion dependence ofp is neglected here). In the current 
section we analyze the structure of these micelles 
assuming that p >> 1 is a fixed parameter. 

111.1. Properties of an Isolated Micelle. In anal- 
ogy with the planar case considered in the previous 
section, it is useful to introduce a reference system for 
a “flower” micelle namely a star polymer consisting off 
= 2p half-chains (Figure 5) .  As in the planar case, the 
cutting procedure to  obtain half-chains is legitimate if 
the chains are strongly stretched in the micelle, i.e. if 
the aggregation number is large enough. The free 
energy, the size, and the local chain conformations are 
nearly the same for a “flower” and for the reference star. 
The relevant results for stars with a high functionality 
in a good solvent obtained in refs 11 and 14 are now 
applied to “flowers”. 

Each micelle consists of a core filled by the attracting 
end groups and of a corona of swollen middle chain 
parts. Each half-chain (branch of the reference star) 
can be represented as an almost stretched sequence of 
blobs which fills the whole volume of the corona (see 
Figure 6). The blob size d is roughly proportional to  
the distance r from the core (the core is considered as a 
point here): d - r ldp .  This picture implies that the 
free energy of the corona is 

F, - p3I2 In N (16)  

and its radius 

The average polymer concentration inside the micelle 
is 

(18)  

We assume here that #* is small, i.e. p << W .  Well 
inside the corona ( r  << Ro) the monomer concentration 
decreases with the distance from the core: 

The last equation is not applicable at the edge of the 
corona (r  close to Ro): the concentration profile is similar 
to  that of a planar brush.43 In fact it can be argued that 
the asymptotic properties of the corona near its edge 
are the same as those for the edge of the corresponding 
planar brush with an effective “surface coverage” (num- 

/ / RQ \ 

t- I 

D 
Figure 6. Two interacting flowers at the distance D = 2(Ro 
- 5). The compressed surface area can be determined geo- 
metrically as A = ROC. 

ber of chains per unit area) 

u - plR: - p V N 2 ”  (19)  

In particular using eq 3 we get the density profile near 
the edge (for 5 RO - r << Ro): 

(20)  

Substituting eq 19 into eq 5 we also get the edge 
correlation length of the corona: 

go - RTy‘p-”l6 (21)  

As for a planar brush23 the monomer density tends to 
zero exponentially in the region r - Ro >> t o  (outside 
the corona). 

111.2. Interaction between Two Telechelic Mi- 
celles. The interaction between micelles (“flowers”) can 
be described just in the same way as for two opposite 
planar brushes. As in the “planar” case there is 
bridging attraction between micelles if the separation, 
D (distance between their centers) is larger than 2(Ro + const t o ) ,  and repulsion for D -= ~ ( R o  - const t o ) ,  
where the constant is of order 1. Thus the schematic 
picture of Figure 5 is also valid for micelles. 

We first consider the interaction of two micelles which 
effectively repel each other: D = 2(Ro - c), and we 
assume that f ; ~  << 5 << Ro. The coronas of the two 
micelles are deformed over an area A - Roc (Figure 6). 
There are two possible scenarios for the coronas de- 
formation: (i) a part of each corona corresponding to  
the ”cone of contact” becomes compressed, or (ii) some 
of the polymer chains move out of the “cone of contact” 
thus decreasing the local corona radius in the compres- 
sion region. The second possibility can be easily ruled 
out for 5 << Ro as it implies a much higher deformation 
energy. Therefore we consider that the effective “sur- 
face coverage” is fured and we estimate the deformation 
free energy, AFrep using the results obtained for planar 
brushes (see eq 7): 

Note that for 5 - Ro the interaction energy is quite 
large: Mrep - p3I2. 

The attraction energy is again of the order of the 
number of bridges. The minimum of the interaction 
energy corresponds to the “classical contact” between 
the coronas, D = D*, where 1D*12 - Rol - 60. The 
number of bridges in this case can be estimated as hi - A C;, where A - 5 8 0  is the effective area of contact 
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R - (NP/~+)’~ (26) 

(we still assume that the interpretation length, 5, is 
much smaller than the size of a micelle). In this 
concentration range, the solution of micelles can be 
considered as a melt of stars of blobs. The effective 
“surface coverage” is 

0 - p/R2 (27) 

The number of bridges per micelle is a - A&, where 
A5 is given by eq 15 for a planar brush, with u given by 
eq 27. Thus we get 

between the two coronas (see Figure 7), and -45 is the 
number of bridges per unit area for the equivalent 
planar case given in eq 11. The depth of the attractive 
minimum is 

(23) 

Hence the attractive energy between two “flowers” is 
large for large aggregation number p (it is of order of 
 PO.^) so that the micelles have a tendency to stick 
together. “he second virial coefficient between micelles 
can be estimated as 

where the first term in the right hand side is the 
excluded volume (numerical constants are omitted), and 
the second term accounts for the attractive bridging 
interaction in the layer of thickness 50. Note that B2 is 
negative if W > ln(Rd(o), i.e. if p0.3 > ln(p0.3), which 
is the case ifp is large enough. Thus (for large enough 
p )  the second virial coefficient is negative, with an 
exponentially large value. 

Applying this result to a dilute system of micelles we 
conclude that the system phase separates into two 
macrophases one of them being a close packed phase of 
micelles. It is thus natural to consider this phase as a 
liquid of micelles.44 The second phase is a very (expo- 
nentially) dilute solution of micelles and of free tele- 
chelic chains. The monomer Concentration in the mi- 
cellar phase is still small, of order of #*. At this point 
it is convenient to define more precisely #* as the 
average polymer concentration in the micellar phase at 
equilibrium with the dilute phase. 

The micellar phase is in fact a gel since the micelles 
are connected by bridges. Of course this is a reversible 
physical gel since the bridges can relax. However the 
“debridging time” is expected to be very long as dis- 
cussed in the next section. The elastic properties of the 
gel at intermediate time scales are considered at  the 
end of this section. 

111.3. Micellar Gel: Bridging. At 4 = #* the 
distance between neighboring micelles corresponds to 
the minimum of the interaction energy. The number 
of bridges between two neighboring micelles is given by 
eq 23. 

We now consider a more concentrated solution 4 > 
@*. Here the whole volume of the solution is filled by a 
somewhat compressed micellar gel. The degree of 
compression is E = (#/#*I - 1. We estimate the number 
of bridges first for small compressions, E << 1. The 
distance between the centers of neighboring micelles is 
then D = ~ ( R o  - C), where 5 = cRd3. Taking into 
account the fact that the area of contact between the 
coronas is A - Ro2 E ,  and that the number of bridges 
per unit area is given by eq 12 we get 

516 (2~+2)/(3-2~) A $ - p  E (25) 

Equation 25 is valid for 5 > 50, i.e. for E > 5dRo; a t  
the crossover degree of compression, E - cc = (dRo, the 
number of bridges is of the same order as for an 
uncompressed gel given by eq 23. 

A strongly compressed gel, 4 >> #*, is filled by 
nonspherical micelles: each micelle fills a polyhedron 
cell. The area, A, of contact between neighboring 
micelles is now of order of R2, where the micellar size, 
R, can be readily estimated as 

The number of bridges increases with the concentration 
and all the chains form bridges at a concentration 

4 6 = @ 2 / ~ ) 3 ~ - - 1  (29) 
We assume here that p 2  .e N (otherwise the concentra- 
tion cannot be reached). Around the same concentra- 
tion 6, the interpretation length, 5, predicted by eqs 14 
and 27 becomes of the order of the radius R of the 
micelles. Equation 2_S is no longe; applicable for larger 
concentrations, # > 4. For # >> # the micelles overlap 
strongly, and nearly all chains form bridges. An im- 
portant new feature in this concentration range is that 
bridges typically connect not the nearest neighbor but 
distant aggregates. We do not consider this regime in 
more details in this paper. 

111.4. Elastic Moduli of the Micellar Gel. We 
start with a gel in an excess of solvent (uncompressed 
gel). The distance between micelles corresponds to the 
minimum of the interaction energy, AF(D*), where D* 
I 2Ro.  The relevant energy scale is the depth of the 
minimum, A P  (eq 23) and the spatial scale is 50 (eq 
21). In the vicinity of the minimum the function, AF(D) 
can be expanded as 

m ( D )  = -hFyF + ‘/&D - 0”)’ 
where 

Thus a small compression of the gel, 66, implies an 
increase of the free energy of order 

AEl - k(Rodr)2 

per micelle, where 86 is the relative volume change, 6~ 
= 6VN. The osmotic modulus of the gel, K = V(ixWav), 
where the osmotic pressure ll is proportional to hE1 and 
to concentration of micelles: K - (#/Np) h E 1 / ( 6 ~ ) ~ .  The 
compressional modulus of the gel is thus 

K ‘u N 3 v p v / 2  (30) 

A shear deformation with an amplitude of order 66 
implies the same typical change of the distance between 
nearest-neighbor micelles (6D - &Ro) as a compression. 
Therefore the increase of the free energy is nearly the 
same, i.e. the shear elastic modulus, G, is of the order 
of the osmotic modulus: 

G - K  (31) 
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We now consider a weakly compressed gel, # = #*(1 + E ) ,  where E is small (it is also assumed that E > E&. In 
this range, the interaction between the micelles is 
dominated by the excluded volume repulsion, the bridg- 
ing attraction being much weaker: the ratio of the 
typical attraction energy to the repulsion energy is (see 
eqs 22 and 25) 
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where 

(32) 

The relative contribution of the bridges to the elastic 
moduli is also of the order of q; it is thus not negligible 
only for an uncompressed gel at # = #* ( E  - E J .  In the 
region E >> E~ the bridge contribution can be neglected. 

Using the same arguments as above and the power 
law (eq 22) for the interaction energy between two 
micelles, we get the elastic moduli in the weak compres- 
sion regime: 

(33) 

This equation is valid in the region 1 >> E >> E,. At E - 
E ,  eq 33 crosses over smoothly to eqs 30 and 31. 

In the regime of strong compression, # x- #* we notice 
that the elastic free energy due to the stretching of the 
telechelic chains is much smaller than the osmotic free 
energy. The osmotic modulus is of the order of that of 
a semidilute polymer solution (with concentration #I, 
i.e. of the order of the osmotic free energy density: 

G - K - ~ 3 V ~ 3 V / 2 ~ 6 ~ / ( 3 - 2 v )  

A shear deformation does not imply any change of the 
osmotic free energy, but does imply additional chain 
stretching. ,Therefore the shear modulus is of the order 
of the elastic free energy density, i.e. much smaller than 
the osmotic modulus K. The elastic free energy per 
chain is 

E,  - 4“(R2/N) 

where a = (2~-1)1(3~-1), and R is the characteristic 
chain size given by eq 26. Therefore the shear modulus 
of the gel is 

(35) G - (#/N)E, - p 2 / 3 N ~ / 3 4 ( 3 V - 4 / 3 ) / ( 3 V - 1 )  

Note that GIK - (#l#*)-(4/3)[V(3v-1)l. 
So far we have not taken into account the topological 

constraints due to the entanglements between chains 
as they are not important for equilibrium properties. 
However these constraints are important for the elastic 
properties of a micellar gel: the entanglement network 
formed by the polymer chains gives rise to an additional 
contribution to the elastic constants. Let Ne be the 
number of concentration blobs per entanglement (this 
quantity should be universal, i.e. independent of con- 
centration, in a true semidilute regime). The shear 
elastic modulus of the entanglement network is propor- 
tional to the concentration of blobs: 

Figure 7. A jump of a micelle to a new “cell”. 

entanglement contribution becomes dominant if 
Comparing eqs 35 and 36 we conclude that the 

(37) 

In the next section we consider the dynamical proper- 
ties of the micellar gel in the range #* < # < dmax = 
min(#e, $), i.e. we ignore the effect of entanglements. 

IV. Viscosity of the Micellar Gel 
We restrict our considerations here to linear dynami- 

cal properties and more specifically to the zero-shear 
viscosity in the concentrat_ion range where the fraction 
of bridges is small (# < $1, and also where entangle- 
ments do not play any role (# < #e) .  We show that the 
characteristic time for stress relaxation is very long for 
this system (exponentially long). Thus all non-expo- 
nential (powerlike) prefactors are omitted in this sec- 
tion. 

One of the basic dynamical quantities is the charac- 
teristic time of transformation of a loop to a bridge or 
back (detailed balance imposes that the direct and the 
“reverse” time are equal within the exponential accuracy 
adopted in this section). This time that we call the 
exchange time is governed by the barrier associated 
with the expulsion of one adsorbing end group from the 
core of a micelle. The energy barrier associated to this 
process is the binding energy, B,  per end group in the 
aggregate, that we consider as a known parameter. The 
total binding energy of a core is thus -pB and has to 
be larger than the free energy of the corona given by eq 
16 to insure the stability of the micelles. Therefore B 
must be large enough: 

B > p U 2 l n N  (38) 

The exchange time can be written as 

tl - zo exp(B) (39) 

where zo is the microscopic time of an end group 
(determined by its size and the solvent viscosity). 
IV.l. Stress Relaxation Time. We first discuss 

stress relaxation in the gel after the application of an 
infinitesimal shear. The stress is carried by (i) the 
bridges and (ii) the additional pressure induced by the 
shear in the vicinity of the contact areas between 
micelles. It cannot be relaxed unless (1) all (or almost 
all) the bridges are relaxed and (2) the deformed 
“primitive cells” of the micelles are relaxed. Both these 
conditions require that a finite fraction ( l 1 2 )  of micelles 
should change their neighbors, i.e. jump over a distance 
of the order of their size. ARer a jump a micelle occupies 
a new “cell” (Figure 7). The realization of a jump 
requires the crossing of a potential barrier due to the 
additional deformation of the gel. An additional hole 
(or void) with a diameter of the order of the micellar 
size must be created in the neighborhood of the original 
position of the hopping micelle (see Figure 8). Note that 
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- the hole 

Figure 8. The process of a “hole” formation implies extension 
of bridges between micelles and also a radial compression of 
micelles in the neighborhood of the hole. 

qualitatively this picture for the elementary dynamical 
process is similar to the one adopted in microscopic free 
volume theories for the viscosity of simple l i q ~ i d s . ~ ~ - ~ ~  
Of course, the real micellar movement might be more 
complex; in particular one can imagine that the void is 
created simultaneously with the movement. However 
any micelle jump to a new position implies a locally 
unfavorable packing (an activation state) with a larger 
effective volume occupied by the given micelle and its 
nearest neighbors. This additional effective volume 
which is of the order of the volume of a micelle can be 
formally attributed to a hole. 

A process of a hole appearance is shown schematically 
in Figure 8. Let us calculate the effective energy of a 
hole. Each micelle near the hole is compressed in the 
radial direction (we choose the origin, r = 0 at the center 
of the hole). Also, some of the bridges between micelles 
in the vicinity of the hole are more stretched. 

We first calculate the deformation energy associated 
with a hole for an uncompressed or a weakly compressed 
gel (the initial degree of compression E, is such that 1 
>> E >> cC, see eq 32). It can be checked that the 
additional stretching of the bridges never gives a 
dominant contribution to the activation energy. Thus, 
ignoring the bridges we approximately write the defor- 
mation energy as 

U = 0.5KJ(a~/ar)~ d3r (40) 

where u = u(r) is the radial displacement of a micelle 
corresponding to the deformation and r is its distance 
from the center of the hole. The boundary conditions 
are 

u(r-R) - R; u(r+m) = 0 (41) 

An important point is that eq 40 is valid only if the 
relative deformation is weak enough, laularl s E .  In the 
opposite regime, laularl >> E ,  the elasticity of the micelles 
is strongly nonlinear: the density of the deformation 
energy is proportional to  (see eq 22) 

(aular)(6+2v)/(3-2v) 

Note that the exponent, (6+2v) / (3-2~) ,  is larger than 
3. This means that any increase of the characteristic 
deformation such that aular =- E is unfavorable, giving 
rise to a larger energy. Thus in order to estimate the 
deformation energy we minimize the right hand side of 
eq 40 with the boundary conditions (eq 4 1 )  and with 
the additional constraint (aularl 5 E .  The result is 

u - KR3e-I (42) 

The optimal strain is laularl - E and the characteristic 
radius of the “deformation region” is r* - Rlc.  

Figure 9. “Creeping“ of a micelle into a new “cell” which is 
occurring simultaneously with a hole formation. 

Using eqs 42 and 33 we obtain the “deformation 
barrier” for @ = @ * ( 1 + ~ ) ,  1 >> E >> cc: 

(43 )  

The last equation can be also applied to the uncom- 
pressed gel, @ = @*, by taking the limit E = ec, so that 

u - p3/2E(8~-3)l(3-2~) 

u - P(2-4v)/3 (44) 

For a strongly compressed gel (@ >> @*) the mechanism 
of “elementary jump” of a micelle is different. The 
energy of a vacancy (a hole) is very high. However there 
is no need to  create a hole in advance: a micelle can 
creep to  another position without changing its volume 
(Figure 9). Of course, the “creep motion” requires a 
considerable deformation (change of the shape) of a 
given micelle and of its neighbors. The corresponding 
free energy is 

U - GR3 (45) 

where G is the elastic shear modulus (the characteristic 
shear amplitude is assumed to be of order 1) .  Note that 
this energy is much lower than the energy of the hole 
formation (which is -KR3) since K >> G in this concen- 
tration range. Using eqs 45 and 35 we get 

The stress relaxation time crucially depends on 
whether the “deformation barrier” U is larger than the 
bridge-exchange barrier B or not. If U > B then the 
activation state for the stress relaxation is “given micelle 
without any bridges + deformed surrounding“. The 
corresponding total barrier is 

u* mb + u (47) 

where h F b  - is the free energy penalty for “debridg- 
ing“ of a given micelle from its neighbors (and Jtii is the 
typical number of bridges). On the other hand, if B =- 
U then a micelle can perform many “jumps” during the 
bridge-exchange time, tl. Therefore the “deformation 
barrier” is of no importance, and the total barrier 
(associated with the activation state) is 

u*-hF,,+B (48) 

Finally, the stress relaxation time can be estimated 
as 

t* - to exp(U*) 

IV.2. Viscosity. The zero-shear viscosity of the 

- Gt* 
micellar gel is estimated from the scaling lad9-51 
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As shown in the previous section, the gel shear modulus, 
G, varies as a power law of concentration. Therefore 
within the “exponential” accuracy it is the barrier, u* 
that gives the most important contribution to the 
viscosity: 

ln(v/vs) - U* = const A’+ max(B,U) (49) 

where rs is the solvent viscosity. Finally, using eqs 25 
and 28 for the typical number of bridges, and eqs 43 
and 46 for U we get the following concentration depen- 
dence of the viscosity of the system (all numerical 
prefactors are omitted here as usual): 

WvIvJ = 
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p ( l f 2 ) - ( ~ / 3 )  + m a x [ ~ ,  p2-(4V/3)] for 

(50a) ( 1 / 2 ) + ( ~ / 3 )  (9/9*) - 1 p -  

p5/6[(4/+*) - 1 1 ( 2 ~ + 2 ) / ( 3 - 2 ~ )  + 

max[B, p 3 / 2 [ ( 4 , / 9 * )  - 1](8”-3)/(3-2”) I for 
p-(1/2)+(V/3) < (#/@*) - 1 4 1 (50b) 

p516(#/4* 1 / 9 ) [ 1 / ( 3 ~ -  111 + 

max[B, p3/2( 9 / 9 * ) - ( l / 3 ) [ l / ( 3 V - l ) 1  I for 
29* s 9 < d,, (504 

where #,, = mid&, $1 (see eqs 29 and 37). 
The behavior of the viscosity crucially depends on the 

relative values of the “exchange barrier” B and of the 
number of chains per aggregate, p .  If B > p3I2, the 
viscosity of the system sharply increases a t  the gel- 
formation point, # = #*, by a factor e ~ p ( B ) , ~ ~  and then 
continues to increase in the region b by a factor exp- 
(const p ( l d V ) / 3 ) ,  and in the region c as a power law of 
concentration. Ifp < B < p3I2 the viscosity increases in 
the region #* < # s 24*, but then decreases in the range 

29* 5 9 < 42 (51) 

with 

42 - @ 3 / 2 ~ - 1 ) 3 ( 3 ~ - 1 ) 4 *  

and again increases for # > 4 2 .  
In the last regime, B < p (note however that the 

barrier must still be much larger than p1l2, see eq 38) 
the viscosity increases for #* < (p s 29*, and then it 
decreases in the range 24* s 4 < qhax. 

The dependence of viscosity whenp < 3 p3I2 on the 
concentration, 4, is shown schematically in Figure 10. 

The unusual decrease of the viscosity with increasing 
concentration in the last two regimes is related to the 
fact that the telechelic chains forming the micelles are 
less stretched in a more concentrated gel. Therefore, 
it is easier for the micelles to change their shapes and 
the potential barrier for rearrangement of the micelles 
is lower at  higher concentration. 

V. Discussion 
We have studied in this paper a model associating 

polymer system: telechelic copolymers with a long 
soluble central block and insoluble external blocks. One 
of the specificity of this system is that the insoluble 
parts associate to form micelles or flowers with a large 
aggregation number. Two flowers strongly attract each 

I I 

9’ - 2 q P  42 m 
Figure 10. The typical concentration dependence of viscosity 
of a micellar gel (for p < B < pg2) .  

other even if the solvent is good for the soluble parts of 
the chains forming the coronas of the micelles. The 
attraction is attributed to the possibility of bridging 
between the flowers. This result, in fact, is not exactly 
new: it was first proposed by Witten,22 and later 
corroborated by a detailed analysis of interaction of 
telechelic “brushes”23 in the planar geometry. The 
same analysis has been generalized to spherical geom- 
etries and to compressed layers. 

The effective binding energy (attraction energy) of two 
flowers is much larger than kT if the aggregation 
number, p (number of chains per micelle) is high: the 
energy is -p0.3k.T. One important implication of this 
result is that flowers tend to phase separate to  form 
compact clusters, and eventually a macrophase of close 
packed flowers. This macrophase is actually a physical 
gel since the flowers are connected by multiple bridges. 

These qualitative results should be valid not only for 
telechelic chains, but also for a much broader class of 
associating polymers including polysoaps, multiiono- 
mers containing many insoluble (hydrophobic) groups 
per chain. Different macromolecular architectures are 
also possible: the insoluble parts can be included either 
in the linear backbone, or in side chains grafted to the 
backbone (e.g. at the ends of the side chains). The 
conformation of isolated multi-block-copolymer chains 
with soluble and insoluble parts in a dilute solution 
(good solvent) has been studied by Halperin.lo The 
typical conformation assumed in ref 10 for a large 
enough number, n, of blocks is a swollen chain of 
flowers. Since the flowers attract each other, we rather 
expect a collapsed chain of flowers forming a compact 
globule (with the structure of a reversible gel), the size 
of the globule being proportional to  n1/3. 

The central results of the paper are the predictions 
for the elastic moduli and the zero-shear viscosity after 
the reversible gel formation, for concentrations # > $*. 
It is worth noting here that all the results of the paper 
are applicable not only when the solvent is good for the 
central part of the copolymer but also when it is a 
@-solvent. The predictions for the 0 solvent are ob- 
tained by taking the swelling exponent Y equal to V 2 .  

The viscosity of the system sharply increases in the 
region 4 - #*. Interestingly, it can then (for higher 
concentrations) decrease appreciably in a limited con- 
centration range (see eq 51) if the aggregation number 
is high enough. This prediction is in qualitative agree- 
ment with experimental data for the viscosity of solu- 
tions of (oxyethy1ene)-urethane block copolymers with 
hydrophobic end groups.31 
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Our results are also relevant for a solution of star 
polymers with a high functionality f = 2p. The only 
important difference between a solution of telechelic 
micelles and a solution of stars is the absence of bridges 
between stars. However, bridges are not important for 
the elastic properties of the solution in the range $J* 
9 baX. Therefore the elastic moduli given by eqs 30- 
35 are valid also for a star solution. The basic equation 
(eq 49) for the viscosity in the absence of bridges can be 
simplified as 

ln(q/qJ - U 
so that finally we get the following concentration 
behavior of the viscosity for a solution of stars (from eq 
50): 
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Note that the viscosity is exponentially large in all 
regimes a-c; it increases with concentration in the 
regime b, then decreases in the regime c. 

The decrease of the viscosity in the regime c is 
expected both for stars and for telechelic micelles (if the 
aggregation number is high, p BW3); it can be 
qualitatively explained as follows. The zero-shear 
viscosity is primarily governed by the activation energy 
for the jump of a micelle (star) to  a new position (new 
“cell”). This process requires an appreciable deforma- 
tion of the micelle (see Figure 10). The activation 
energy corresponding to this deformation is of order 
GR3, where G is the elastic shear modulus, and R3 is 
the volume per micelle. In the regime c the shear 
modulus is of the order of the elastic energy density due 
to the chain stretching. Therefore the activation energy 
is proportional to the total elastic energy per micelle. 
This energy, in turn, is proportional to the stretching 
energy of one chain (since the total number p of chains 
in a micelle is fmed), which obviously decreases with 
concentration (note that the spatial size of the micelles 
decreases as solvent is removed). 

Several extensions of this work would be required. In 
the study of the viscoelasticity of the physical gel, we 
have neglected the entanglements. In the central part 
of the flowers the chains are stretched; a theory for the 
entanglemenb between stretched chains is not available 
and a full theory for the viscoelasticity of entangled 
telechelic chain is thus beyond the scope of this work. 
We also have only considered the case where a small 
fraction of the chains form bridges between flowers. In 
the higher concentration range where most of the chains 
form bridges, the physics is very different since a given 
chain does not connect nearest-neighbor micelles but far 
apart micelles. Finally, some other properties of the 
physical gel would also deserve a more detailed study 
such as the complex modulus or the nonlinear viscoelas- 
ticity. 
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